This is the rst paper in a two-part series in which we analyze two model systems to study pincho and reconnection in binary uid ow in a Hele-Shaw cell. The systems stem from a simpli cation of a general system of equations governing the motion of a binary uid (NSCH model 69]) to ow in a Hele-Shaw cell. The system takes into account the chemical di usivity between di erent components of a uid mixture and the reactive stresses induced by inhomogeneity. In one of the systems we consider (HSCH), the binary uid may be compressible due to di usion. In the other system (BHSCH), a Boussinesq approximation is used and the uid is incompressible. In this paper, we motivate, present and calibrate the HSCH/BHSCH equations so as to yield the classical sharp interface model as a limiting case. We then analyze their equilibria, one dimensional evolution and linear stability. In the second paper (Part II 66]), we analyze the behavior of the models in the fully nonlinear regime. In the BHSCH system, the equilibrium concentration pro le is obtained using the classical Maxwell construction 85] and does not depend on the orientation of the graviational eld. We nd that the equilibria in the HSCH model are somewhat surprising as the gravitational eld actually a ects the internal structure of an isolated interface by driving additional strati cation of light and heavy uids over that predicted in the Boussinesq case. A comparison of the linear growth rates indicates that the HSCH system is slightly more di usive than the BHSCH system. In both, linear convergence to the sharp interface growth rates is observed in a parameter controlling the interface thickness. In addition, we identify the e ect that each of the parameters, in the HSCH/BHSCH models, has on the linear growth rates. We then show how this analysis may be used to suggest a set of modi ed parameters which, when used in the HSCH/BHSCH systems, yield improved agreement with the sharp interface model at a nite interface thickness. Evidence of this improved agreement may be found in Part II 66].
Introduction
This is the rst paper in a two-part series in which we analyze two model systems to study pincho and reconnection in binary uid ow in a Hele-Shaw cell. The systems stem from a simpli cation of a general system of equations governing the motion of a binary uid (NSCH model 69] ) to ow in a Hele-Shaw cell. The system takes into account the chemical di usivity between di erent components of a uid mixture and the reactive stresses induced by inhomogeneity. Our goal is investigate these e ects on ow, and in particular through pincho and reconnection of interfaces, in a simpler setting than the general system. In addition to the intrinsic interest of analyzing these e ects in a binary Hele-Shaw ow, one of the goals of this paper is develop insight that can be used in an analysis of the full NSCH model.
In this paper, we motivate, present and calibrate the equations so as to yield the classical sharp interface model as a limiting case. We then analyze their equilibria, one dimensional evolution and linear stability. In the second paper (Part II 66] ), we analyze the behavior of the models in the fully nonlinear regime though pincho and reconnection.
A Hele-Shaw cell consists of two at parallel plates separated by a small gap b, see gure 1, and between the plates there is viscous uid. The cell was originally designed by Hele- Shaw 46] to study two dimensional potential ow. Recently, there has been much interest in Hele-Shaw ows largely because the gap-averaged velocity of the uid is given by Darcy's law and is identical to that of a uid moving through a porous medium with permeability b 2 =12, see for example 96, 86, 48] . In addition, the relative simplicity of the equations of motion also makes Hele-Shaw ows ideal test cases in which to develop mathematical theory and numerical methods to study singularities and topological transitions, see for instance 15, 22, 3, 40, 39, 38, 41, 50, 52, 34] . The latter is our point of view here.
Topological transitions such as pincho and reconnection of interfaces are fundamental features of multi-component uid ows. The details of such transitions are important in many physical processes as mixing and reaction rates may sensitively depend on the production/reduction of interfacial area. In general, the dynamics of topological transitions are di cult to understand and model even in the Hele-Shaw context. It is not obvious how to change the interface topology in a physically justi ed manner using continuum theory and numerical simulation. The collision of material surfaces, for instance, produces a singularity in the uid equations (e.g. see 51] ).
In interface tracking algorithms for example (e.g. 78, 53, 98, 97, 70, 72, 79, 16] ), ad-hoc cutand-connect procedures are typically used to change the topology of interfaces. Only in a few special cases involving liquid/air interfaces is it possible to develop physically based reconnection conditions based on similiarity solutions of the uid equations 24, 25, 61] . The development of such similarity solutions and reconnection conditions for the general liquid/liquid case remains open and thus it is di cult to provide a physical justi cation for the cut-and-connect rules. In fact, in the context of colliding drops, Nobari et al. 72] noticed that the ow may sensitively depend on the time at which the interface surgery is performed.
In interface capturing algorithms, such as color function and level set methods (e.g. see 8, 73, 13, 93, 94, 95] ), and the volume of uid method (also sometimes referred to as a tracking method, e.g. see 82, 63, 71, 88, 35] ) an analogous ambiguity arises. In these methods, the uid equations are augmented with an additional conservation law for the color/level set function and volume fraction, respectively, which are used to mark each uid domain. The numerical viscosity introduced by using an upwind method to solve the equations of motion actually allows topological transitions to occur smoothly. The ow discontinuities (density,viscosity) are typically smoothed as well although there are now several methods in which the interface jump conditions (i.e. surface tension) are handled explicitly 28, 49, 45] . It is not clear, however, which types of smoothing and numerical viscosity are physically justi ed.
Recently, Goodman, Lowengrub & Shelley 36, 68, 37] suggested that chemical di usion between the di erent uid components provides a physical mechanism to smooth ow discontinuities and to yield smooth evolutions through topology changes. They gave a physical derivation of the equations for binary uids with density matched, or nearly density matched, components (also known as model H 47] , see below). The di usion is limited if the components are macroscopically immiscible and re ects the partial miscibility real uids always display. As a consequence, interfaces separating the ow components are di use although the thickness of interfaces between real immiscible uids, such as oil and water, may be microscopic in many circumstances. The interface thickness and structure may be important at topological transitions since the distance between interfaces becomes comparable to the interface thickness.
With topology transitions in mind, Lowengrub & Truskinovksy 69] gave a systematic derivation of the general equations governing the motion of a binary uid. In this model, subsequently referred to as the NSCH model, the mass concentration is coupled to the uid motion and the resulting system couples the Navier-Stokes (NS) equations to a nonlinear, fourth order di usion equation of Cahn-Hilliard (CH, 10]) type for the concentration. The gradients in concentration produce reactive stresses in the uid which mimic surface tension. The NSCH model reduces to a system known as model H 47] (see also 43, 91] when the ow components are density matched. When the components have di erent densities, di usion may create density variation and in the NSCH model, the binary uid may be slightly compressible even if the components are incompressible, e.g. see Joseph 57] and Perera & Sekerka 77] . Moreover, the chemical potential depends explicitly on the uid pressure. We note that Antanovskii 6 ] also derived equations for the motion of a binary uid with immiscible components with di erent densities. His system shares common features with the NSCH model however the dependence of the chemical potential upon the pressure is missing.
The idea that interfaces have a nite thickness dates to Poisson 80] , Gibbs 33] , Rayleigh 83] , Van der Waals 99] and Korteweg 62] . The idea is this: according to the thermodynamics of immiscible uids, there is a range of concentrations (of one of the components) where the free energy is concave and homogeneous states are unstable 33]. An interface between two immiscible uids may then be described as a layer where thermodynamically unstable mixtures are stabilized by weakly non-local terms (gradients) in the energy 99] which have their origins in molecular force interactions between the components 85, 17] . These gradient terms induce extra reactive stresses in the uid which become surface stress in the zero thickness limit.
There has been much recent work on the use of di use interfaces in multi-component uid ows. Applications include modeling the two and three dimensional Rayleigh-Taylor instability (e.g. 54, 44, 68, 37] In this paper, we use a simpli ed NSCH model to study binary uid ow in a Hele-Shaw (HS) cell. In particular, we follow the classical sharp interface model and assume Poiseuille ow between the plates. In addition, we assume there is no di usion in the direction normal to the plates. This results in a generalized Darcy law in which there is only planar ow and di usion. This yields one of the simplest such systems that can describe the ow and indeed captures topological transitions smoothly (referred to as the HSCH model). However, it does not account for 3-d ow which could play a role near the meniscus and near pincho and reconnection. To rule out such e ects, one would have to perform a detailed analysis of meniscus region as is done by Park & Homsy 75] for the classical Hele-Shaw model. We do not present such an analysis here (although it seems quite possible such an analysis could be performed at least away from topology transitions) and thus our model should be understood as just that{ a model. We do provide an indirect justi cation for our model by demonstrating that it converges to the classical sharp interface models in the limit of zero interface thickness.
In this work, we consider primarily buoyancy driven ow (Rayleigh-Taylor instability) in which the two components are incompressible and macroscopically immiscible. The densities of the uids may be arbitrary but the viscosities must be non-vanishing. We also consider a Boussinesq limit (referred to as the BHSCH model) in which density variation is assumed to non-negligible only in the gravitational force. The HSCH and BHSCH models are calibrated so that the classical sharp interface model is a limiting case; we note that other non-classical sharp interface limits are possible 69]. Several essential features of the NSCH system are retained in the HSCH model including the reactive stresses, the di usionally induced compressibility and the pressure dependence of the chemical potential. The BHSCH model contains reactive stresses but the ow is incompressible and the pressure does not depend on the chemical potential since density variation is assumed to be small. Thus, Hele-Shaw ow provides a simpler setting than the full NSCH model in which to compare and contrast these e ects.
Recently, E & Pal y-Muhoray 23] derived equations similar to the HSCH model to study polymer melts (see also 74]). In addition, Verschueren 100] derived an analogous system to study thermocapillary ow in a Hele-Shaw cell. In the case of density matched components, the HSCH model reduces to one which was previously used by Shinozaki and Oono 90] to study spinodal decomposition and has been recently used by Vershueren 100] to study coalescence in hyperbolic ows. We note that very recently, Struchtrup & Dold 92] derived a version of the HSCH system to study miscible, buoyantly unstable reaction fronts in a Hele-Shaw cell.
The HSCH and BHSCH models belong collectively to the class of phase-eld models which have been widely used for free boundary problems in other physical situations such as the solidication of binary alloys, e.g. see the review edited by Gurtin & McFadden 42] . In fact, because there is a close connection between quasi-steady di usion and the Hele-Shaw problem (both involve harmonic elds in a domain with a free boundary), some phase-eld equations (even the classical Cahn-Hilliard equation), have Hele-Shaw like sharp interface limits (e.g. 11, 12, 76, 1] ). Typically these limiting models do not include hydrodynamic e ects such as bouyancy. Very recently, however, Folch et al. 29, 30] derived, analyzed and implemented numerically a phaseeld model for Hele-Shaw ows, with buoyancy and arbitrary viscosity constrast, to study the evolution of viscous ngers (e.g. 87]). While their approach also considers only planar ow, their approach di ers from ours in several important ways. In their model, a modi ed AllenCahn equation 2] (non-conservative equation) governs the motion of the phase eld which is then coupled to a dissipative, time evolution equation for the stream function. While the authors show that this system converges to the classical Hele-Shaw system in the thin interface limit and indeed reproduces ngering, it seems di cult to justify their choice of phase-eld function and governing equations from physical considerations. Our approach, on the other hand, is motivated by physical considerations such as chemical di usion.
In this paper, the di erences between the HSCH, the BHSCH and sharp interface models are studied by considering equilibrium solutions and their linear stability. In the BHSCH system, the equilibrium concentration pro le is obtained using the classical Maxwell construction 85] and does not depend on the orientation of the graviational eld. In the HSCH system, on the other hand, the gravitational eld actually a ects the internal structure of an isolated interface by driving additional strati cation of light and heavy uids over that predicted in the Boussinesq case. We are only able to obtain an equilibrium solution numerically for the stably strati ed case and there is no analytic formula. Boundary layers in the equilibrium solution are observed and the evolution towards the stably strati ed equilibrium simulated in one dimension. It remains an open question as to whether an unstably strati ed equilibrium solution of the HSCH model exists.
The linear stability of unstably strati ed equilibria to two dimensional perturbations is studied using two approaches. In the rst, the linearized equations are solved directly in the BHSCH context using an analytic formula for the equilibrium concentration pro le. Because no such formula exists for the HSCH case, a practical comparison is made between the growth rates for the two models by solving the full equations numerically in the linear regime. The BHSCH and HSCH growth rates are consistent although the HSCH system is seen to be slightly more di usive than the BHSCH system. Linear convergence to the sharp interface growth rates is observed in a parameter controlling the interface thickness. In addition, we identify the e ect that each of the parameters, in the HSCH/BHSCH models, has on the linear growth rates. We then use this information to suggest a modi ed set of parameters for which a better match is obtained between the HSCH/BHSCH and sharp interface linear growth rates at nite interface thicknesses. The models with the modi ed parameters still have the sharp interface model as a limiting case. In Part II, we present evidence indicating that improved agreement between the models is achieved in the nonlinear regime as well. This technique of enhancing agreement is quite general and has application beyond the current context.
The outline of the paper is as follows. In section 2, we present a derivation of the HSCH and BHSCH models. In section 3, the method of matched asymptotic expansions is used to obtain the sharp interface limit of the models. In section 4, the equilibrium solutions of the models are given and, in addition, the evolution (one dimensional) is studied for the HSCH system. In section 5, the linear stability of the equilibrium solutions is analyzed. Lastly, in section 6, conclusions are given. (4) where n is the unit normal vector to ?, is the curvature and is the dimensionless surface tension coe cient. In the cases we will consider in this paper, the ow is characterized by the two relevant physical parameters: ; be the Atwood number; (6) which is a measure of the di erence in the uid components' viscosity. The system (1)- (4) is dissipative. This is seen most easily in the case of zero gravity where the system energy is just the surface energy E(t) = Z ? ds (7) that is dissipated at the rate _ E(t) = ?12
Before turning the to the Hele-Shaw-Cahn-Hilliard system, a few remarks are in order. In a certain sense, the sharp interface system given above represents the simplest set of equations governing the motion of a viscous uid between two closely spaced parallel plates 87]. The system is obtained from the Navier-Stokes equations by assuming that the viscous forces dominate the inertial forces and that the bulk ow between the plates is Poiseuille ow. However, because the ow may actually be fully three dimensional in the region near the two-uid interface ?, particularly near the glass plates due to ow near the contact region, it is not at all obvious that Darcy's law in fact holds near ?. Further, ? actually has two-dimensional curvature so that it is also not clear that the pressure jump condition (4) holds across ?. Nevertheless, under several assumptions, including that of complete wetting of the plates by the displaced uid, Park & Homsy 75] performed a matched asymptotic analysis near ? and showed that for small capillary numbers, the above system indeed describes the leading order behavior of the ow provided that the surface tension is appropriately modi ed. We wish to make this point because in the Hele-Shaw-Cahn-Hilliard models we present next, we also assume Poiseuille ow and neglect three dimensional di usion near the interface and contact region.
The Navier-Stokes-Cahn-Hilliard Model
The Hele-Shaw-Cahn-Hilliard models we consider in this paper are versions of the general NavierStokes-Cahn-Hilliard (NSCH) model (see 69]), simpli ed to model the Hele-Shaw geometry. For completeness, we brie y review the NSCH model. In this model, a mass concentration eld c(x; t) is introduced to denote the relative mass of one of the components (eg. M 1 =M where M 1 is the mass of component 1 and M is the total mass of the binary uid in a representative volume V ). In this paper, c is always the mass concentration of the uid labeled 1.
Separately, the uid components are assumed to be incompressible and have constant densities and viscosities. We assume that the density of the binary uid depends on the concentration but not on the pressure. This is referred to as the \quasi-incompressible" case 69] since di usion may introduce density variation and hence may cause the binary uid to be slightly compressible. Di usion is allowed to occur between the uid components which is limited if the components are macroscopically immiscible. what prevents the uids from mixing completely. Finally, the two additional parameters and may be interpreted as follows. is an internal length scale which, in the case of immiscible components, is related to the interface thickness.
is a measure of non-viscous dissipation and may also be interpreted as a mobility.
We wish to point out two important features of the NSCH model. First, the velocity u
is not necessary solenoidal which may introduce compressibility e ects. Second, gradients in concentration may produce stresses which as we see in the next section, mimic the e ect of surface tension. For further details, we refer the reader to 69]. Eqs. (9)- (11) (14) We further assume that the viscosity coe cients and may depend on c and that and are constant.
On the parallel plates, we take the boundary conditions v = 0; no slip (15) c z = 0; no concentration ux (16) z = 0; no di usion ux (17) at z = b=2, where the subscript z denotes @ @z . We note that Eqs. (16) and (17) imply that the liquid/solid contact angle is 90 o . We chose these boundary conditions for simplicity. See Jacqmin 54] for a discussion of other concentration boundary conditions and their relation to liquid/solid contact angles.
Simpli cation of the NSCH model for ow in a Hele-Shaw cell
Next, we obtain the Hele-Shaw-Cahn-Hilliard system by supposing in the NSCH model that the viscous forces dominate the inertial forces, the ow between the plates is Poiseuille ow and that there is no di usion in the z-direction so that c is independent of z. Using 
The dimensionless energy for the HSCH equations can be obtained by dropping the kinetic energy and non-dimensionalizing the NSCH energy in Eq. (13) to yield
which is the sum of the dimensionless surface (chemical) and potential energies. By 2 , we denote the reduced two dimensional domain. It is not di cult to see that the energy is dissipated by the evolution: _ E(t) = ? (23) This is one of the simplest di usional systems that can describe binary Hele-Shaw ow and is in the spirit of the sharp interface model presented earlier. However, it does neglect three dimensional ow and di usion which could be play a role near the meniscus and pincho and reconnection. While we do not present an analogous version of the analysis of Park & Homsy to justify our assumptions, it seems quite possible that such an analysis could be performed, at least away from topology transitions. In the absence of such an analysis, especially near transitions, our model should be understood to be just that{ a model. However, we do provide an indirect justi cation for the HSCH model by demonstrating that it converges to the classical sharp interface models in the limit of zero interface thickness. The HSCH model is considerably simpler than the NSCH system. As such, it provides a simpler forum in which to investigate the e ects of di usion and compressibility on the uid motion. We note that equations similar to (18)- (21) were derived by E and Pal y-Muhoray in the context of polymer melts 23]. In particular, those authors noticed the dependence of the chemical potential on the pressure. However, they did not seem to account for compressibility e ects due to density di erences of the constituents. In addition, Verschueren derived an analogous system to study thermocapillary ow in a Hele-Shaw cell 100]. Very recently, Struchtrup & Dold 92] derived a version of the HSCH system to study miscible, buoyantly unstable reaction fronts in a Hele-Shaw cell.
Finally, we will take the following simple mixture model for the density in the HSCH system:
(1 ? c); (24) where 1 and 2 are the nondimensional densities of two uids before mixing. The formula (24) means that volume is preserved under mixing 57]. In the case of a simple mixture, the HSCH equations can be simpli ed by using In this paper, we consider both the HSCH system given above and a slightly simpler version obtained from a Boussinesq approximation. To obtain this reduced system, we assume that the deviation between (c) and its spatial average < > is small, but ( (c)? < >)G is not negligible. In the Boussinesq limit, we suppose that the density is a constant which we take equal to 1 everywhere except in the gravitational term. We refer to this simpler system as the BHSCH model and the equations are given by 
and a formula analogous to (23) may be obtained for _ E in the Boussinesq limit.
The BHSCH system is simpler than the HSCH model in that the velocity is solenoidal and the chemical potential does not depend directly on the uid pressure. Concentration gradients still may produce non-zero velocities however. The system (25)- (27) has been used previously to study spinodal decomposition in a Hele-Shaw cell in the absence of gravity 90] and was recently used by Vershueren 100] to study coalescence in hyperbolic ows.
Before concluding this section, we rewrite the HSCH equations in a more useful way by using the vector identity r ( rc rc) = r( jrcj 2 (36) We then sketch matched asymptotic expansions in and show that at leading order in the outer equations, the classical sharp interface system is recovered. In addition, we show that the BHSCH model has the same classical leading order limit which suggests that for thin interfaces, the two approaches yield very similar results away from topology transitions. While this is indeed borne out by our numerical results in Part II 66], we also note some important di erences between the models. As we will see in the next section, there are interesting di erences in the 1-d equilibria for the two models for nite . In particular, boundary layers are present in the HSCH equilibria and the gravitational eld actually a ects the concentration pro le and hence the interface structure. Further, in Part II 66] , observe that the limiting behavior of the two models is subtly di erent near pincho and reconnection.
Sharp Interface Asymptotics
We now present a brief sketch of the matched asymptotic expansions of the HSCH and BHSCH systems. Following the standard approach (e.g. Pego 76 ]), we suppose that at time t = 0, there is a single smooth transition layer of width O( ) separating two domains 1 and 2 where the uids are nearly uniform. In particular, suppose that c(x; 0) = c 1;2 + O( ) in 1;2 respectively where c 1;2 are the equilibrium concentrations of uid 1 in the two domains (i.e. wells of the Helmholtz free energy f 0 (c)). Note that this implies c 1 1 and c 2 0. This initial condition for c is consistent with letting the uids equilibrate before motion starts. Let ? be a curve centered in the transition layer. The idea of the method is to expand c, u and p in powers of both away from the transition region (outer expansion, 1;2 ) and inside the transition region (inner expansion). In the inner expansion, a stretched local coordinate system (with respect to ?) is used. In order for our expansions to be valid, the curvature of ? must satisfy << 1= . By substituting these expansions into the equations and matching powers of , one can determine the eld equations in the ! 0 limit. By matching the inner and outer expansions at the boundaries of the transition region, one can reconstruct the sharp interface jump conditions.
To be speci c, we will take the scaling: dc; Pe = 1= or Pe = 1: (37) As will become apparent when we consider the inner expansion, this choice of M guarantees the sharp interface limit of the HSCH model satis es the Laplace jump condition (4) with the surface tension . In the BHSCH model, the in M should be set to 1.
Outer Expansions
In the outer domains 1 and 2 , write the variables u, c and p as expansions in powers of :
u(x; y; t) = u (0) (x; y; t) + u (1) (x; y; t) + 2 u (2) (x; y; t) + ;
c(x; y; t) = c (0) (x; y; t) + c (1) (x; y; t) + 2 c (2) (x; y; t) + ; p(x; y; t) = 1 p (?1) (x; y; t) + p (0) (x; y; t) + p (1) (x; y; t) + :
The 1 term is introduced in the expansion for p for a reason to be explained when we discuss the inner expansion. Substituting the expansions into the HSCH equations (18)- (21) 
when Pe = 1.
Eq. (38) implies that p (?1) is constant in each outer region. Since c (0) is the constant c 1;2 in each uid initially, c (0) = c 1;2 is the solution to both (41) and (43) . Thus, Eq. (40) is satis ed for both choices of Pe. Consequently, at zeroth order in , the sharp interface eld equations (1)- (2) are recovered with densities (c 1;2 ) and viscosities (c 1;2 ). In the BHSCH case, the only change in the above equations is that the in Eqs. (42) and (43) should be set to zero which does not alter the conclusion.
Inner Expansions
To derive the jump conditions (3) and (4), we perform the matched asymptotic analysis of the HSCH system near the interface. Since the analysis for the BHSCH system is somewhat simpler and yields the same leading order limit as the HSCH system, we do not present that case here.
First we introduce the signed distance function (x; y; t) which measures the distance from the interface; < 0 denotes the distance to the interface from the uid 1 direction. The interface is represented by ?(t) = f (x; y; t) = 0g. Next introduce the \stretched" coordinatesx and y = (x;y;t)
, wherex is taken to be the arc length of the interface. Let t and n be the unit vectors in the direction of increasingx andŷ, respectively. The curvature of the interface is ? .
In this new coordinate system, rf = tfx + n fŷ f = fxx + 1 2 fŷŷ ? fŷ r (F 1 t + F 2 n) = (F 1 )x + 1 (F 2 )ŷ ? F 2 :
By using hats, we denote the variables in the inner region. We write u =vt +ŵn and further suppose that the variables c; v; w and p have the following expansions in the inner region:
v(x;ŷ; t) =v (0) (x;ŷ; t) + v (1) (x;ŷ; t) + 2v(2) (x;ŷ; t) + ; w(x;ŷ; t) =ŵ (0) (x;ŷ; t) + ŵ (1) (x;ŷ; t) + 2ŵ(2) (x;ŷ; t) + ; c(x;ŷ; t) =ĉ (0) (x;ŷ; t) + ĉ (1) (x;ŷ; t) + 2ĉ(2) (x;ŷ; t) + ; p(x;ŷ; t) = 1 p (?1) (x;ŷ; t) +p (0) (x;ŷ; t) + p (1) (x; y; t) + :
The 
By matching with the outer solution and using that limŷ !1ĉ
(0) y = 0, we nd P is independent ofx and that p (?1) is the same constant P in each region 1 
Further, integrating (48), we get
for some function C(t;x). 
where (51) Thus, the same argument as is used in case 1 implies that C(t;x) = 0.
Finally, it remains to show Eq. (50) holds. In either the case 1 or case 2, we conclude that (0) = a (53) where a = a(t;x) is a constant inŷ. Using a centering condition of the type given in Pego 76] 
Special Solutions
In this section, we consider equilibrium solutions to the HSCH and BHSCH systems. These solutions and their stability, which is analyzed in section 5, help to characterize the models. The simplest equilibrium solution for the HSCH and BHSCH models corresponds to a homogeneous solution at rest: c(x; t) = c; u(x; t) = 0 (54) where c is a constant. Note that there is a balancing linear pressure. More interesting equilibrium solutions are obtained when one considers a strati ed binary uid. That is, the case in which a at (di use) interface separates two in nite regions of nearly pure uids. Suppose the interface is centered at y = 0. Then, we may consider the one dimensional problem in which there is no ow and all variables depend only on y.
1-d Equilibrium for the BHSCH model
1-d Equilibrium for the HSCH Model
Since the chemical potential depends explicitly on q in the HSCH model, it is not possible to nd an exact form of the 1-d equilibria even for the case of the quartic free energy (58) given above. Therefore, numerical simulation is used. To compute the equilibria, we solve the 1-d time dependent equations and march in time until equilibria is attained. We took this approach because we encountered di culty in solving the equilibrium equations directly using a boundary value problem solver. As a consequence, we are able only to obtain the stably strati ed equilibria. Although we tried several strategies for computing unstably strati ed solutions (including the approach taken in 27]), none were successful. It is not immediately apparent that an unstably 1-d strati ed equilibium solution does exist for the HSCH model. 
where (c) is given by (24), the viscosity is assumed to be constant for simplicity, gravity is 
We suppose (60)- (62) hold on a su ciently large nite interval ?a; a] and we impose zero Neumann boundary conditions on c y and y at the boundaries: c y = 0; y = 0 at y = a: (65) Using these boundary conditions and after some manipulation, Eqs. (60)- (62) can be recast as a single conservation law for : 
Note that the boundary condition on implies that c yyy = M CG (c); at y = a; (69) which directly links gravity with the concentration pro le. In the Boussinesq case, c yyy ( a) = 0 since is taken to be zero in .
Numerical Method for 1-d Evolution
We use the following conservative nite di erence method to solve Eq. (66) 
Several advantages of this semi-discrete formulation can be easily observed. In view of (67),
the Neumann boundary conditions (68) can be imposed exactly: we simply set f( 1=2 ) = 0, f( N+1=2 ) = 0 as we evolve (71) in the cells I 1 and I N . Due to this exact numerical implementation of zero Neumann boundary condition for and cancellation of uxes at the cell boundaries in the interior, the mass of is preserved on the numerical level.
In this semi-discrete system, the primitive variables such as c and , and their derivatives of even order are computed at the cell centers (primary grid) and their derivatives of odd order are computed at the cell boundaries (dual grid). Whenever we need a value of a variable on one grid computed on the other grid, we take the average of two consecutive values on the other grid. For example, if is needed at y i+1=2 , it is de ned by An advantage of our fully discrete formulation is that the resulting linear system for n+1 and n+1 can be solved directly using a block tridiagonal solver.
Numerical Results for 1-d Evolution
We rst solved Eqs. (72)- (73) i + E; (75) which is singular at c = 0; 1 and hence constrains c(y; t) to remain between 0 and 1 for all t (e.g. 
Note that when c 1 = 1 and c 2 = 0, the two density descriptions are identical. In addition, is a non-negative constant that is varied. Thus, uid 1 is the lighter uid of the two.
We de ne C and M by the scaling (37) and we set Pe = 1= . In the simulations presented below, we take = 0:1. The surface tension is = p 2=6, the viscosity is = 0:5 and the gravitational constantG is determined from the Bond number as follows: c 2 ) ? (c 1 )) ; (78) with B = 25. Note that the Atwood number A = 0. In the remainder of the paper, this value of is xed and so changing B is equivalent to changingG via Eq. (78) .
Lastly, the numerical parameters are given as follows. We consider the domain ?2:5 y By considering the numerical ux, we can understand how such a pro le can be in equilibrium. Consider gure 3(b). In this plot, all the components of the ux f( ) are shown. The total ux is indicated by`o' and is seen to be zero. The pressure contribution (q) to the ux is nearly constant (dot-dashed curve) and has only a small variation across the transition layer due to the small density variation (since = 0:1). Near the transition layer, the 0 (solid curve) and c yyy (dashed curve) contributions dominate and balance one another. At the boundaries (shown in gure 3(c)), a boundary layer is seen in the 0 and c yyy terms and it is the latter that balances the pressure at the boundary. Note that in the interior of the domain (e.g. ?2:4 y ?0:5), the ux from c yyy is nearly zero.
To examine the evolution process, we consider the approach to steady-state of an initially unstably strati ed binary uid. This is shown in plot of gure 4(a) Finally, let us interpret our equilibrium results in view of the sharp interface asymptotics presented in section 3. In that section, it was seen that the same sharp interface limit is obtained at leading order for both the HSCH and BHSCH models. slow rate. This is consistent with the sharp interface asymptotics and we interpret the slow rate of approach as follows. We believe that the e ect of gravity on the chemical potential (through the pressure) is magni ed by both the geometry (1-d single transition layer) and equilibrium nature of the problem. For example, as may be seen in Part II 66] , dynamical simulations of the full HSCH and BHSCH models, in periodic domains with two transition layers, yield very similar results for comparable values of away from pincho and reconnection. This is likely due to the fact that because of the periodic boundary conditions, there are no boundary layers in the HSCH case.
Linear Stability Analysis
In this section, we consider the linear stability of the equilibrium solutions we obtained in the previous section. We focus primarily on the two cases for which we have exact formulas for the equilibrium solution: (1) the stability of homogeneous solutions at rest for the HSCH and BHSCH models and (2) the stability of the unstably strati ed 1-d equilibrium solution to two dimensional perturbations in the BHSCH model. Since we do not have an analytical or numerical representation of an unstably strati ed 1-d equilibrium solution for the HSCH model, we make a practical comparison between the growth rates for the two models, at the end of this section, by solving the full equations numerically in the linear regime.
Linear Stability of Homogeneous Solutions
Let us consider solutions to the HSCH Eqs. (18)- (21) of the form c(x; t) = c + c(x; t); (79) u(x; t) = 0 + ũ(x; t); (80) q(x; t) = q + q(x; t); (81) (x; t) = + ~ (x; t); (82) where c is a constant, q =G ( c)y and = 0 ( c) + MG ( c)y are the equilibrium values of concentration, pressure and chemical potential respectively. Gravity is assumed to be in the ydirection. Plugging Eqs. (79)- (82) into the HSCH system, keeping terms proportional to and rewriting the resulting linear system as a single equation forc, we obtain the advection-di usion equationc t + v lcy = D l f 00 0 ( c)c ? C c] ; (83) where the advection velocity v l is given by v l = ( c) 2 M ( c) Pe + 12 2 M ( c)G ; (84) and we have used the simple mixture formula (24) The advection velocity arises from the dependence of the chemical potential on the pressure. Observe that as a consequence, there is ow in the direction of gravity. This makes sense physically and is consistent with the 1-d evolution we investigated in the previous section for the HSCH model. Using the scaling (37) the advection velocity is O( 2 2G ) which vanishes as the interface thickness ! 0.
Looking for a solution of Eq. (83) in the form of a normal modec = e ik x+ t , we obtain the following dispersion relation between the wavenumber k = (k 1 ; k 2 ) and the growth rate = ?v l ik 2 + CD l jkj 2 k 2 C ? jkj 2 ; (86) where k C is the critical wave number k 2 C = ?f 00 0 ( c)=C; (87) which was rst identi ed in the context of the spinodal decomposition for binary alloys (e.g.
see 9]). From Eqs. (86) and (87), we see that growth may occur for those wavenumbers k such that jkj < k C if f 00
The linearized equation forc in the BHSCH model is obtained by simply setting = 0 and ( c) = 1 in Eqs. (83)- (85) . This gives c t = 1
Pe f 00 0 ( c)c ? C c] : (88) Note that there is no ow. Eq. (88) Pe jkj 2 k 2 C ? jkj 2 ; (89) and thus the condition for growth or decay of modes is the same as that in the HSCH model.
Linear Stability of the 1-d BHSCH Equilibrium Solution
We now consider the linear stability of the unstably strati ed 1-d equilibrium solution of the BHSCH model to two dimensional perturbations. In this subsection, we present equations governing the linear growth rates of the perturbations. We solve these equations numerically and compare the resulting growth rates to those from the sharp interface model given in section 2.1. We demonstrate the linear convergence of the two growth rates as the interface thickness is taken to zero (following the scaling in section 3). Through this comparision, we study the e ect of the Pe, C and M numbers on the linear growth rates. We then use this knowledge later in our numerical simulations of the full equations. We focus on the unstably strati ed case because there is the potential for perturbations to grow, in contrast to the decay found in the stably strati ed case. Thus, the stabilizing e ects of the chemical di usion and interface thickness are easy to identify. For simplicity, we suppose that the viscosity is constant. u(x; y; t) = 0 + û(y)e ikx+ t ;
c(x; y; t) = c(y) + ĉ(y)e ikx+ t ; q(x; y; t) = q(y) + q(y)e ikx+ t :
where c(y) is given in Eq. (59) 
Eqs. (91)- (94) is even. These facts lead us to expect symmetric solutions (oddq and evenĉ) to Eqs. (95) and (96) . Our numerical method will take advantage of this symmetry and we solve Eqs. (95) and (96) on only half of the domain.
Before concluding this section, we present the sharp interface growth rate for this ow for purposes of comparison: 0 = ? 24 (jkj 3 + Bjkj); (98) where is the surface tension and B is the Bond number (5). Therefore, when B < 0 there is a range of unstable modes near k = 0 due to unstable density strati cation.
Although we do not present it here, we have performed matched asymptotic expansions for Eqs. (95) and (96) for the scaling and general procedure outlined in section 3. We obtained the sharp interface growth rate 0 at leading order, but we were unable to calculate the next order correction in closed form. Consequently, we solve the full Eqs. (95) and (96) numerically to compare with 0 .
Numerical Methods for Linear Growth Rates
We solve Eqs. (95)- (97) on a large, but nite interval ?a; a]. The transition region is centered around y = 0 and our matched asymptotic expansions suggest that the solutions decay exponentially fast in jyj away from this layer. This is con rmed by numerical experiments and the computed linear growth rates are insensitive to the size of the interval ?a; a] as long as a >> p C.
To take advantage of the symmetry of the solutions, we solve Eqs. (95)- (97) 
where the rst term in (100) is suggested by the outer leading order equations in the matched asymptotic expansions of Eqs. (95)- (97) . We account for the exponential decay inq and notĉ because the rate of decay ofq depends on the wavenumber k. Henceq decays slowly for small k. In contrast, the rate of decay ofĉ is independent of k.
Although there are 6 boundary conditions in total, the conditionĉ yy (a) = 0 does not imply thatĉ(a) = 0. Consequently, solutions can be found for all values of with boundary conditions (99) and (100) (99) is set to a nonzero number in order to obtain a nontrivial solutionĉ.
Numerical Linear Growth Rates
We take a = 2:5, b = 10 ?3 and use 800 grid points in solving the boundary value problem (90) and (78) . We begin by considering the e ect of Pe. In gure 5(a), the linear growth rates are shown for the sharp interface model (solid curve; 0 from Eq. (98)), the BHSCH model with Pe = 1= (`o') and with Pe = 1 (`+'). The growth rates from the BHSCH model with Pe = 1= are much closer to 0 than are the growth rates with Pe = 1. Decreasing the Pe number increases dissipation and decreases the linear growth rate. So, even though our asymptotic analysis in section 3 indicates that both scalings of Pe yield the classical sharp interface model at leading order as ! 0, this graph suggests that for a xed value of , the Pe = 1= scaling yields a closer approximation to the sharp interface. Consequently, we use this scaling in our simulations of the full BHSCH and HSCH models presented in Part II 66] . we can modify M 0 from Eq. (37) and B by an O( ) amount and still achieve the same leading order sharp interface growth rate. We can take advantage of this fact as follows.
By modifying M 0 , B and Pe by an O( ) amount to better match the growth rates of the BHSCH and sharp interface models at nite values of , we may achieve better agreement between the solutions of the fully nonlinear systems. This idea is quite general and, in spirit, is analogous to the improvements in a phase eld model for solidi cation, suggested by Karma and Rappel 59] , in which the phase-eld equations are modi ed to remove rst order e ects of interface kinetics in the sharp interface limit. In our case, we can try to match the growth rates of all the unstable wavenumbers or we can try to match only the growth rate of the most unstable wavenumber or perhaps just the most unstable wavenumber present in an initial condition.
We have investigated all of these approaches and found that while they all yield better approximations of the sharp interface model (measured from simulations of the full BHSCH/HSCH equations) than the original values of M 0 , B and Pe, the best agreement between the BHSCH (and HSCH) and sharp interface models is achieved when the growth rate of the most unstable wavenumber in an initial condition is matched. On one hand, this is a little unsatisfactory because this suggests that the appropriate BHSCH (and HSCH) parameters are initial data dependent. On the other hand, the parameters may be pre-calculated without reference to the speci c initial condition; the parameters only depend on which wavenumbers are present, the interface thickness and the physical constants governing the ow. We are unable to explain fully why matching more than the most unstable wavenumber in an initial condition does not yield a better result. Perhaps the answer lies in the fact that our attempts to match the growth rates of a band of unstable modes are only approximate and in that band no growth rates are matched exactly{ they are all uniformly approximated. With a single wavenumber, however, we can exactly match the growth rate. Thus, it may be that the choices of M 0 , B and Pe, we used in our attempt to match the band of unstable modes, were not optimal.
In Part II 66], we present several simulations of the full BHSCH and HSCH models with di erent initial data in which the growth rates at wavenumbers 1 and 3 are matched to 0 , respectively, with each corresponding to the most unstable wavenumber in the initial condition.
In preparation for these simulations, we indicate how matching the growth rates at k = 1 and k = 3 may be achieved by modifying only B. Let 
Practical Comparison between BHSCH and HSCH Linear Growth Rates
In this section, we compare the linear growth rates for the BHSCH and HSCH models. matches (c) and~ (c) at c = 0 and c = 1. Thus, the initial data corresponds to the situation of a light layer of uid surrounded by a heavier one. See gure 7 for the k = 1 initial data; the upper interface (x; y 2 (x; t)) is unstable while the lower interface (x; y 1 (x; t)) is stable.
In order to compare our results with those in the previous subsection, we use the quartic free energy f 0 (c) from Eq. (58) in our simulations of the full HSCH and BHSCH models. Unlike the 1-d equilibrium case, we encounter no di culties in using the quartic free energy in the HSCH model. This is likely due to the periodic ow geometry. We nd that the HSCH solution c(x; t) typically lies within an O( 2 ) neighborhood of 0; 1]. Additionally, we take D = 4 and c 1 = 1, c 2 = 0 and the parametersG, , , C are the same as in the BHSCH case we considered previously. In the HSCH case, M is appropriately modi ed according to Eq. (37).
Because there are two interfaces, we note that even with = 0, the initial data c 0 (x; y) is only an approximation of the corresponding equilibrium solution for the BHSCH model and hence c 0 (x; y) is not an equilibrium solution for either model. In contrast, at interfaces are equilibrium solutions of the sharp interface model.
To calculate the numerical approximation of the linear growth rates, we suppose at time t, the interface positions are given by y 1 (x; t) = ? (0:5 + exp( 1;k t) cos(kx)); y 2 (x; t) = + (0:5 + exp( 2;k t) cos(kx)):
The growth rate of the unstable interface 2;k is then computed by In gure 8, the growth rates 2;k are shown for the BHSCH and HSCH models with Pe = 1= , Pe = 1 and = 0:05. The BHSCH growth rates are denoted by`o' (Pe = 1= ) and` ' (Pe = 1).
The HSCH growth rates are denoted by '+' (Pe = 1= ) and 'x' (Pe = 1). For comparison, the sharp interface growth rate 0 (solid curve) is shown together with the BHSCH growth rates obtained in the previous section: Pe = 1= (dashed curve) and Pe = 1 (dot-dashed curve).
There are three main conclusions we draw from this gure. First, the BHSCH growth rates we calculate from the full equations and from the previous subsection are consistent; there are slight di erences but this is to be expected since the ow geometries are not the same. Second, the HSCH growth rates are consistently less than the BHSCH growth rates indicating more dissipation in the HSCH model. This is likely due to the fact that the initial data c 0 (x; y) is a better approximation of the BHSCH equilibrium than the HSCH equilibrium. Naturally, this e ect is more pronounced at smaller Pe numbers. Third, in the Pe = 1= case, the growth rates of the BHSCH and HSCH models are quite similar. This suggests that the analysis of the BHSCH linear growth rates we presented in the previous subsection is relevant also to the HSCH model in periodic geometries.
Conclusions
In this rst paper of a two part series, the behavior of two model systems, to study binary uid ow in a Hele-Shaw cell, is investigated. The equations are obtained using a simpli cation, for the Hele-Shaw setting, of a general system of equations describing the motion of a binary viscous uid (NSCH equations 69]). This system takes into account the chemical di usivity between di erent components of a uid mixture and the extra uid stresses induced by the inhomogeneity of the mixture (Van der Waals type stresses 99]). In one of the models (HSCH), the binary uid may be compressible due to di usion. In the other model (BHSCH), a Boussinesq approximation is used and the binary uid is incompressible.
The models are calibrated to yield the classical sharp interface model as a limiting case. The di erences between the HSCH, BHSCH and sharp interface models are studied by considering equilibrium solutions and their linear stability. Somewhat surprisingly, the gravitational eld actually a ects the internal structure of the equilibrium transition layer and an equilibrium solution is obtained numerically only for the stably strati ed case. Boundary layers in the equilibrium solution are observed and the evolution towards the stably strati ed equilibrium simulated in one dimension.
The linear stability of unstably strati ed equilibria is also analyzed. Linear convergence to the sharp interface growth rates is observed in a parameter controlling the interface thickness. The BHSCH and HSCH growth rates are consistent although the HSCH system is seen to be slightly more di usive than the BHSCH system. In addition, we identify the e ect that each of the parameters, in the HSCH/BHSCH models, has on the linear growth rates. We then use this information to suggest a modi ed set of HSCH/BHSCH parameters for which a better match is obtained between the HSCH/BHSCH and sharp interface linear growth rates at nite interface thicknesses. This approach is quite general and has application beyond the current context. We suggest that agreement between the HSCH/BHSCH and sharp interface models may be improved by simply modifying the Bond number by an amount approximately proportional to the interface thickness in order to match the sharp and BHSCH/HSCH growth rates at the most unstable wavenumber in the initial condition. There may be other, more optimal choices of parameters however. Evidence supporting our contention of improved agreement may be found in Part II.
In Part II 66], we focus on the behavior of the models in the fully nonlinear regime through pincho and reconnection. To brie y preview that work, we nd that the break-up of an unstably strati ed uid layer is smoothly captured by both models. Moreover, because the HSCH model is more di usive than the BHSCH model, an earlier pincho time is predicted at nite interface thicknesses which causes subtle di erences between the two in the pincho region. Away from the pincho region, both the HSCH and BHSCH models yield nearly identical results. At pincho , compressibility e ects do not vanish in the sharp interface limit which suggests that compressibility may provide a physically-based selection mechanism for reconnecting sharp interfaces. The e ects of buoyancy, viscous, di usional and surface tension forces are also investigated.
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